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SOLUTION OF A PLANE STEFAN PROBLEM FOR A HALF-SPACE BY
THE METHOD OF DEGENERATE HYPERGEOMETRIC TRANSFORMATIONS

M. N. Shafeev UDC 536.421.4

A method is given for constructing the analytic solution of a plane nonstatiomary
Stefan problem.

Analytical methods of solving multidimensional nonstationary Stefan problems have only
started to be produced. Methods existing earlier for the solution of such problems ([1, 2],
etc.) were quite approximate in nature. The general solution of a quasistationary plane
Stefan problem ia obtained in {3]. An analytical method of solving a nonstationary plane
Stefan problem is proposed in this paper for a half-space in application to the process of
freezing the ground bounded on one side by a plane and extending without limit to the other
side.

Let us consider the problem on the dynamics of the freezing and cooling zones (zonmes I
and II) of ground under a plane source of cold located on the surface of a semiinfinite me-
dium (ground) (Fig. 1). The general formulation of such a problem with two moving boundaries
is described by the following system of equations and boundary conditions:

2

Utp 2D _p W) Palinfo D gy W
P 0x?

=1
for k=1, (x, X) €D, = {lx|<§ (1), 0<<Tx,<<E(xy, i
for k=2, (xy, X)€ED,,= D£I)+D(x2); ngl) = {]x <& (v),

B, 1) <x,<v(x, D} D ={lx128 ), |x]<v, ()
0o<x,<v(x, D} >0

ty (Xy %oy 0) = [ (X0 )5 (2)
ty(x, 0, T) =@y (xy, T) for EARSAGF (3
on Seo={%=0, 2,128, (1), 120 vy (0}
ty (xys X T) = @ (¥p T (4)
on S, = {x, =8, 1), bxy | <E (D}
b (X X5 =0 (5)
and 2

E(MM'—M—MM)QZAM§ (6)

y 0x; ox; ot

=1

il

on S, ={x="(x, 7), L2, < v, (1)}
Ly (xy X T) == [ (%5 X)), ¢
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x,=£,('r) XI"Y;(T)

X

Fig. 1. Diagram of zone (I-II) loca-
tion and natural temperature zone of
the ground (III) for a fixed position
of the boundaries Sr,x and ST,"

where fr(xi, Xz) and @y(x,, 7) are sufficiently smooth functions of their arguments;

A =opwy:l, _?E_(g;_,_ﬁ_; L=11>0; k=12 for |x]=§()
N .

E(x, )=0. (8)

We shall seek the solution by a double application of the method of degenerate hyper-
geometric transformations [4, 5] under certain constraints on the shape of the moving bound-
aries; namely, assuming that ST 1 and S, ,2 are smooth lines intersecting with half-lines is-
suing from the point (x; = 0, %, = 0) in not more than one point symmetric relative to the
axis 0x2; E£(X1, T) = £2(1)E(x,) and v(x;, T) = va(1)vs(x1) are single-valued functions of
their arguments, vy (1) = afi(t); v(Xi, T) = bE(x;, 1) for x; > 0; £:(0) = Zo > 0; E(x,, 0) E
o > 0; a and b are dimensionless proportionality factors (thermal influence factors) [6],
and 27, is the minimal width of the band source of cold:

L, for fg=1
Fr (%4 xz)Eto;v%(xv T):ek(l— ‘gi:?-cl) ); = { % for k=2

Using the substitution
= ykgh (T)’ k= 1’ 25 (9)

and introducing the auxiliary functions
Ty Yoo T =Xy X D+ (9]l — Ve, k=1, 2, (10)

we convert the problem (1)-(5) and (7) to the form

T, (s Yo ) ANE () N,
—,—————+elyl-——~—=Z§,« (@) X

dt R ot o
®T, (Y0r Yo N T '
x[a Tleted 4 yp@y oDl pa s, (an

for k=1, (y, YED, = {ly, <], 0<y<&(x)}
for k=2, (y,, yg)EDy,2=nyl')+D;2); DM = {|y,1< 1, 0<
<Y <E(x)} D_,(,z):{lyil>li Ly | <a 0<<y,<avy(x))s

for =i
o o= {I 2T
T,y 0, ©)=0; (132
Tu(yy 4o Ty =0 for |y |=1 , (14)
‘ To(yy, Yoo =0 for |y, |=g; (15)
Tl o D =gyl —1) for » gL go=8(x) k=1, 2; (16)
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Ty (yss Yo V)=¢e(ly|—a) for [yl<a Yy = avy(xy), T>0. an

We seek the solution of the problem (11)-(17) sequentially by applying the method of degener-
ate hypergeometric transformations in y, and ys = ya/Es(x1):

Up(Vp Yo D = S’T 2 W Yo DKL (Y venW)dy, k=1, 2; (18)
Dy

Di:“.yil<1}; D,=D,,+ D,y Dy, ={ly,I<a, Ly 1> 1) for 0<<y, <<avs(xy);
Dy,={ly <1}  for Ex)<pa<<avy(xy);

Vi ¥ 1) = f 6, (Vs Yo VK, (U3 Vo) 0n (U5)dYs k=1, 2; (19)
Op
0, ={0<yy <1}, 0, =054+ 0z Gp1 ={0<<y<<b for D}
Oy ={1<yy<<b for D,,}

Y:E1,9, at k=1

1

6, (Vs Y3 V=U,(¥y, % V) — ¢, ?yaEgl.)v, at k=2 for' 0y : 20)

(D_g,?l-[gl—a)‘!/_?,-}-(a——b)](b—l)—l‘f—Dg'% at k=2 for 0,;;

- — . (1) — Dy (1) -
El,vi——-Dl,'pi (I)lv'l’i’ E2.vi D?"Vi a(D?.‘Pi’

- 1 1 ’
(Dk”’i = [2ak,i,7i Ck,vi (bk,i,?i - 1)] 1{ f:[ (bk,i-'!’i -—1, —2—-', —-2-— kti’vi)—l= 5

. 9 1 1
(1) 1720 _F by, i 9, —— 5 —, Qa2,ip; ] X
2,9t { 3 [21( 2w 2 2. 2 V,)

3
X [a gl(bz,i.vi, 5 G20y —gl bo i,y 5 g%y ) |
5
—2a1(2bs 1 —3)32.iy T F (bﬁ,i,vi, = ag,i,,,i) p
i

3 1 ’ 3 1 1
X F bty ;T _;”’a’r' —F b»i"——‘—’ I ] —a »6Y; ;
[m(“”‘ 2 2 2”-") 121(\2 W T g ")]}
g, = — [0y}, 17 {[2 (b2,09,— D 02,1, I X

" 1 1 1
~XF (b‘),i,yi"_%‘_, —;—, 02,5,%.)[ F (bz,i,-vi—'l, E‘, az,i,yi\)\—-gl (b2,[,vi—1, - “é‘ , a«2,i,‘pi)] -+

21 121 2
ot (buine & anan) [ prom ko 5 ) =
gt 3 )]
Foxp D=1l —qras L ='—Ql—_n——§;:“_19 i = “;_’azah.i;
Ghng =W 20 Fay =-‘1£‘%‘£L Di,:

dIng (7)

(1) — DD
FZ-'\’i D2:?i dv

1
3 v
Cry, = 5 y3 uf;z (bk,l,v, v g ) exp (— 2,v,) Yy
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a
3 2
Y, = S[A ,12?1 (bz.l,v,, 2 22,?,)] exp (— 22,y,) dYy;
i- : » .

zko'\’: =%ak.l.v1y%9.'c>07 k= 1, 2, -

for i = 3 instead of g we set b.

We hence assume that the properties of the transformations (18)~(19) postulated below
hold uniformly in y,, T and v., T, respectively.

The kernels of the transformation (18) are solutions of the equations

\ Ky (44, V1) 0 (yi) ._:7_§i('r) §1 () [Kh (41 '\’;)Ph (9 —

oy? :

—yi aKh(ij ?i)ph(yi) :] +le‘§.l Kk (y.‘, ?1)ph (y’):: 0, k= 1, 21

9y,

under homogeneous boundary conditions.

Under the conditions

we reduce (21) by the

K, (43 v) = Wi (2,00 Yl)(

a0, ()

@Kﬂﬂﬁﬁ=zaaj,k=

substitutions

2z, ,

k.1

to the degenerate hypergeometric equations

R4

where

bk.i =

We determine the

from (22) and (25).

Solving (24) and using (23), we find the normalized kernels of the transformations

W, (2,10 Vo) + (_?_ _

ang 2

2
L

TV

weight functions

2 ) W, (25,65 V)
]

02, 4

a

Pn1(y) =€xp2,,, k=1,

Ei(v) =8, V.

1, 2,

2;

Bi = V2_K1

1
Jren s am

1

2

UH

— by, W (2,45 74) =0,

A .
—; k=12 A=), v>0.

- 3
Ky (9 v1) = 4, [Chr,,] llf, (bk.x.vl, 5 e ) exp (— Zi,y,)s

where k = 2 for D,,» while for D;,:

- 3
K2(y1' Yi) = [C(21.)Y;] IA’;(b2nl:'\’x’ 'é—’ 22:1’1) €Xp (— 22,7‘);

k=1, 2,

here F(B, c, z) are the degenerate hypergeometric functions

||

Ck-'Vl:Lkn'Vl : :

n=0

3
Shn(%JNN 5

"2— Gk, 1,9,

).

b1,y 0

»

(21)

(22)

(23)

(24)

(25)

(26)
(27)

(18):

(28)

(29)

(30)
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- 3 1 3 1
2 AS) (b e, Lo ) AS® by g4, >, L )
C‘” _L(2) (l) [ 2,n 2.1,9 2 9 2,1,7, _ 2.’!( 2,19 2 2 ag'l.v’ . (31)
= b1y, +n b2ig +n—1 ;
L,.,.,,._——F(b“,,,l-}—l -2— —;—“k.l.v.)exp(—é— ak.l.v.)3
(2) ( 1
b (9) = Pl— 5 %t a@by,y,. — 1) X
1 3 1
X f’( 2,1,y, T 2’ "2—, -§~a2,1,y.)F (bz 1,909 y Q2 1.?,)
—[3 Gonbati F (b +1 S
2.v.Y2,1,9, 2 2.1.v, [ 9 . 9 2 l.v,)
1
F b Py y F b s *
+' ( 2,1,7, “2.1.7.)]12’( 2.1,7, 5 " % l.v.)}
1
Ay, = — &, 0%
F(b 2 Fle,,—L, L
; 3 Yy I2'v( 2.4 , 2.1) 21 ( Y zz.a)
A|2l (bz v g 22.1) = . (32)

3 1 1 .
a, |I2:| (bz.v 5 ‘12.1) F (b2.1_7- 3 az.t)

Hence, by replacing the determinant EZ‘ in the j-th column by Sg-jr)l with the same argu-

ments, we obtain AS(j)(bz 15 3/2, 2z2,1).  Here S; n(b, ¢, x) is a partial sum of the degener-
ate hypergeometric series for the funct:ion F(b, ¢, x).

The nontrivial solutions of the Sturm—Liouville problems under consideration are evi-
dently possible only for values of ug . = uk,x("k,x) satisfying the equations

3 1
F(b ,, —, — =0, k=1, 2, (33)
!kl( A ah.i) k=1
where k = 2 for D,,2 while for D,,,
3 1
AF{b,,, —, — =0.
'2‘( 200 ) °‘2.1> (34)

The eigenvalues of these problems form complex spectra which depend on the position and

rate of displacement of the boundary St,;, as well as on the inertial properties of the
ground.

By using the transformations (18)-(19) we reduce the problem (11)-(17) to the form

d—_'Vh (Y‘;:t YS’ T) + (qk ) + qkﬂ’s) Vk (‘Yh ?3' T) = Ph (‘YI' YS! T)y k == 11 2’ (35)
V(¥ ¥s 0)= B{: -;3 (36)
Vol ¥ 0)= B for oy, i=1,3; S

1
Pi(v V5 0) =1, [? Dy 5, E1 3, Fo(%y, T)_(Dl,v.Fl.v;] B

1
% eDs 4, EQ'), Fo(x, ©)— P2y, Fl),  for o,

P W 9={ _to g, porp
2(b——-1) 2.9 (xl' T) b—

+ D2 ’Vx) 92,9, + F2 'Vl] e2¢2 W Vs for G3,29
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1:Vs

‘ B“ ”"t [';“Dl.v.El,v.“i‘Dl.v,q)l'va]+¢’l.vx¢l.'vaAte;

"'1_ Dy y,— ¢2,‘p,)ezl.«“) for §= 1";
peg-t
o _ D{h, — bl for -9
1—b 2""(2 .v,) |
—1- b N TP W 5 CU3
b= 1—_27\;' a= g 0 ot (38)

uk,s satisfies equatlons of the form (33) for k = 1 and for 0a,, for k = 2 (with a.,;, re-
placed by a3, sb?) and (34) for 0a,. (with a replaced by b). The kernels of the transforma-
tions (19) are determined by (28) for k = 1 and for o;,: for k = 2 (with a,,, replaced by
az,3b® in Ca,vy,) and for o,,. by means of (29) with a replaced by b; the weight functions

are determined by means of (26) with v, replaced by vs, where

Ez (T) = ﬁz VT, (39)
and §, = V2__A; A, =5(7) E (1), 1>0.

Therefore, the passage from the plane (x;, x:) to the plane (y., ys) generates a param-—
eter A; connecting the position of the moving boundary to the time during the solution. The
introduction of these parameters affords a possibility of sampling and normalizing the mini-
mal system of eigenfunctions in the continuous spectrum in the domains under consideration
and, thereby, contributes to the construction of a general solution of the problem.

Having solved the problem (35)-(37) and having realized the inverse transformations, we
obtain the solution of the problem (11)-(17) in the form of the rapidly converging series

NI \ X 3 M * . (40)
T4 Yo v = 2 E A’v;.'?x) — Fibiiy, o exXpl — 2 ;

i=1,3 T il 2 4a,v ) dat

V=1 pp=1

= © 3 x2
Toltn b 9= 3 37 W ALRE (B s 4521) X

=1 Y=l i=1.3

aF (o Sk u
X '21( 2,050 G a0 )exp (— Taz?) ’ {41)

where
l
AED = @Asy) T (BED E o CD),

P1Vs

o[ 1—b 0, ‘
G = IXO) [ 2 L Dl-?zEl.?;“—D[,yiél.v,] ;
P18

Vi,V A(2) 2

e I—38

(2,1 — 2 2% 1 .

C - [ D3y, E4), — D, lqbg,v,],
172

e — 8
CE:D = — 2 { L0 (1—a) DY) By, +

V1.V 2(b~— 1)
+ [(D2'Vl : 1 ’ ) 62 »Ps + DQ'V‘ ]¢2,‘Vs} ;
Eg::) _ ( Ly )6’?’1’: (__?_o__\)"sk.v. :
o §.(7) &(v)
2
a‘:p_k_'"ii_; Al®) 2 6 [ — 1 for =23,
B,i Ai 'P: Vs %, 'Y, = 3 for i 1,

T>Oy kzly 2-

Using these solutions, we obtain the equation
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ag(xp T) ot (x,, 1)
A B ! =
ot 15 Ox, By : (42)

from condition (6) on S ,, where

A4 g0 gy I-‘( 3, A
§(xi, 1) 2 2{ von Ly, bits 2’ dagq X

* Aem B AF (b 3 A )
Xexp( ] 401‘ )—}‘zez Pro¥s  2.7a 120 2.1,y ?' —)+

3=

4a,t
3 x2 x2
A22DBD F by, 2 _% Xpl——L )b
+ V Y1.% 2?:II(2'lv?| 9 %T)]ep( %T)}
B, = By_, By= 2nw -+ Aze, E E AR-DF (bz.l.vn 3, 02.3.7.) ;
t(0) ol Yo g 2

B, = L), @a.i)
1 for k=1
VAiy, for k=2
’ 1 for x>0
= l —1  for x <05

sz‘.%'i = Gy ey, {

for x, =0
w = Ay — Mg,

Therefore, the family of lines S¢,, of the parameter T, which characterizes the posi-
tion of the front of the freezing ground, is determined by a nonstationary field of direc-~-
tions formed by the quantities A, B,, and Bs on the plane (x;, Xs).

Having solved (42) under the conditions (8), we find

2
X, = \ym B pa, l)( X )_
T a 222{ b mem 4a,t

V=1 ;=1 n=0

m pen [ 11 )
WZ n5 v \ da,T 11:‘ b2,z — 5 g 02,3,y,l —

}"2
Vaz

x? 3 2
_a(p(l) Q(2 l)(__) F(b2,3. o —— 42,3, ’)]B(l) ! \If l) B(2) P(2 2) Xl
P17 4a2-|:' 121 ¥ 2 2,3,v 2,‘V|T 2.,v; 4021 ’ (43)
where
x2 [Ax, — B{V E, (1)]? ) 1 %2
Wi — (R, ) _ — x2qtk.0) 1 .
P'(v’:'v)’ ( 4ak‘t ) - (A ——Bgl))z av.-v. n, 2 ®k, 1oy xl P1:%s (fl 4ak17 ) M
3 Ax;— B (1) 1 x2 0\ .
| s ) =g et (n, 5 ontn) = et (n, o )
(be,iv)n

3(1)_(;(1)_) 2 yo - SNl
Ul ()

"=l 2
1
(bk,i.vi - E‘)n .

Iy,
—1 n!
z).
Co = e 3 AT, A2 BY, F (b 3. e
o = Zazzlvi'h?s v 2 2.0y e G2t
vi=1 ve=1
400 0 = B ERy (n+ 30, =1 0) s cga(n g 0);
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v(n, q) is the incomplete gamma function, and &, (t) is determined from (25).

The expression (43) describes the shape and the motion law for the St,. boundary for
lx;l < £, (1); however, it contains the parameters Aj. They connect the magnltude of the dis-
placement of the boundary S¢,; in the directions of the axes 0x; and 0x, to the time t. Tak-
ing this into account and u31ng the solutions (40)-(41), we obtain from condition (6)

A+ B =0, A-+CP®=0. (44)

We determine the values of A4 and Uk, i from the system (43)-(44) and the characteristic
equations. Values of these parameters which satisfy (43)-(44) can be set up in engineering
practice by the method of sampling, by using tables of zeroes of the characteristic functions
as a function of ayx, i, as well as by appropriate graphs {7-9]. Using these results, we fi-
nally set up the shape and motion law for the boundary St,1 from (47), and the nature of the
temperature distribution in zomes I and II from (40)-~(41) with (10) taken into account; and
the solution of the problem is thereby completed.

NOTATION

to and te, temperature of the ground and the heat carrier; A and ay, heat conductivity
and thermal diffusivity coefficients; o, latent heat of crystallization of water; wy, humid-
ity of the ground; vy, water density.
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