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SOLUTION OF A PLANE STEFAN PROBLEM FOR A HALF-SPACE BY 

THE METHOD OF DEGENERATE HYPERGEOMETRIC TRANSFORMATIONS 

M. N. Shafeev UDC 536.421.4 

A method is given for constructing the analytic solution of a plane nonstationary 
Stefan problem. 

Analytical methods of solving multidimensional nonstationary Stefan problems have only 
started to be produced. Methods existing earlier for the solution of such problems ([i, 2], 
etc.) were quite approximate in nature. The general solution of a quasistationary plane 
Stefan problem is obtained in [3]. An analytical method of solving a nonstationary plane 
Stefan problem is proposed in this paper for a half-space in application to the process of 
freezing the ground bounded on one side by a plane and extending without limit to the other 
side. 

Let us consider the problem on the dynamics of the freezing and cooling zones (zones I 
and II) of ground under a plane source of cold located on the surface of a semiinfinite me- 
dlum (ground) (Fig. I). The general formulation of such a problem with two moving boundaries 
is described by the following system of equations and boundary conditions: 

2 O& (x,, x2, x) ' ~ ,  02t~ (x,, x2, ,c) 
o% = a h ~  Ox~ , k = l ,  2, 

t = l  

for k =  I~ (x,, x2)ED~, ,={Ix ,  I<~,(T), O < x 2 < ~ ( x , ,  ~)}; 

for k = 2 ,  (x,, x2)ED~, 2 -- D(~') -V' ~'xn(=)" D~') = {Ix, l ~ ,  (x), 

[(x,, x ) < x 2 < v ( x , ,  T)}; D~ 2~ --{Ix, l>~,(~), Ix, l<v,(~);  

O < x z < v ( x , ,  "0}; x > O ;  

th (x,, Xv O ) =  f~(x, ,  xz); 

t ,(x,,  O, T)-=cpt(x ,, x) for Ix, l<~.,('O; 
on S~,o = {x2 = O, Ix,  I >~ ~+, (+), I x,  I ~< v,  (~)} 

tz(x,, x z, x ) =  ~z(x,, x); 

on S,.,  -= {x z = ~(xi, x), I x i l ~ x ( ' O }  

tk (x,, x2, x ) =  0 

(1) 

(2) 

(3) 

(4) 

(5) 

and 
~ (~I Otl(Xl' X2' T)O%~. -- ~2 0t2(X1' X2' T) ) l/ = AOXi 
i=I 

on S,,2 = ix2 = v ( x , ,  , ) ,  [x,I  ~ < v t ( ' ) }  

t~(x,, x~, ~) : -& (x. x~), 

~J(Xi' x) �9 (6) 
s 

0T 

(7) 
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, . o x, :< , (T)  x,:J,(-~) 

. S . r , ~ ' - - ~ l /  - g 

1..x z 

Fig. i. Diagram of zone (I-II) loca- 
tion and natural temperature zone of 
the ground (III) for a fixed position 
of the boundaries ST, , and ST,=, 

where fk(x,, xa) end ~0k(X, , ~) are sufficiently smooth functions of their 

A=e.fi$vw./t = O[(x,, "0 ; l~= I; "~>0; k =  1, 2; for lxil=[t('r) 
axe+ ". 

~(x~, ~) = O. 

arguments; 

(~) 

We shall seek the solution by a double application of the method of degenerate hyper- 
geometric transformations [4, 5] under certain constraints on the shape of the moving bound- 
aries~ namely, assuming that ST,, and ST, 2 are smooth lines intersecting with half-lines is- 
suing from the point (x, = 0, x2 = 0) in not more than one point symmetric relative to the 
axis 0x2; ~(x,, T) = ~=(T)~(x,) and v(x,, I:) = ~(r)gs(x,) are single-valued functions of 
their arguments, 9k(T) = a~k(r); ~(x,, T) ffi b~(x,, T) for x~ > 0; ~,(0) = Zo > 0; ~(x~, 0) -= 
~o > 0; a and b are dimensionless proportionality factors (thermal influence factors) [6], 
and 2Zo is the minimal width of the band source of cold: 

l - - a  

Using the substitution 

x~ = Yk~(T) ,  k = I ,  2 ,  

and introducing the auxiliary functions 

Th(Y,, Y2, ~) =tk(xt, x2, ~)+(1Yl[-- 1)ek, k =  1, 2, 

we convert the problem (1)-(5) and (7) to the form 

2 

aTh (Yi,o% Yz, "0 + eh[ Yi l a Inax~l (x) - E ~-2 (~) X 

[ a~Tk(y,, Y2, "r aTk(Yi, Y2, "0 ] • a. au~ + u~t~ (~) t; (~) ay-, . a = ~, 2; 

for k= I, (Yl, Y2) 6 Du,I = { [ Y, I < I, O<Y2<~3(xO}; 

for k=2, (y. y~)6m~,,=m~')+DT~; m~')={JyiI<1, O< 
< yz < ~3 (xO}, Dr = { l y, l >/1, l y~ l < a; O < y2 < av3 (xi)}; 

Ta(Yx, Y2, O)={lYxlt~+At" for k = l ;  
( i Y ~ [ - - a )  e 2 for k = 2 ;  A t ~ = t  o - t ~ ;  

V~ (y .  o, ~ ) =  o; 

r ~ ( y ~ , y ~ , - O = O  fo~ [ y ~ [ = l ;  

T2(Yt, Yz, ~)=0 for ]Yil=a; 

fo~ �9 [ y~ I ~ 1, y~ = ~3 (xO; k = 1, 2; Th(Y,, Y2, ~)=.e~(ly~t--I) 

(9) 

(lO) 

( n )  

(12) 

(13) 

(14) 

(15) 

(16) 
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T=(y,, ~,  =)---e,~(ly, l - - a ) f o r  lY, l<~a, g~=ava(x~), x>O.  (17) 

Ne seek the solution of the problem (11)-(17) sequen~lalXy by applying ~he me~hod of degener- 
ate hypergeometrlc transformations ~n yx and Ys = yffi/~s(x,): 

U.(V,, Y2, z) = .[T~(y,, V=, z ) K ~ ( y , ,  VOP.(YOdV,. k = I, 2; ( 1 8 )  
Dk 

D, = {Iv, l <  1}; D2 = O2., + h2.=; D2. ,= {ly, l < a ,  I v t l >  1} for 0<yv.<av3(x , ) ;  

D2.2= {IV, l <  I} for ~(Xo<!t2<av3(x,); 
V~,('l,,, '1'3, x ) =  SOk(Y,, Vv z)K~(y,, ~l~)9~(ya)dv3, k =  1, 2; (19) 

oh 
o , = { 0 < y 3 < l } ,  ~I2=a~.t+cy~.,z; c ~ 2 . , = { 0 < y ~ < b  for D2,,}; 

a2.2 _--= {1 < g 3 <  b for Dz,~,.}; 

l y3E1,v, at k = 1; 
1 

Ok(V,, Y3, T)=Uk(v,,__ Y2, x ) - - e ~  Tb'3e[')v,, at k .--2 for or,..,; 

(D2.v,[(1--a)g3+(a--b)|(b--1)-X+D2,v, at / : 2  for o'2,2; 

= -aop, , 

I 2 '  2 . ' 

= ,C~,~,~, ( 3 ,~ 2-' 2--: 

[ ' '  )1 5 - -  b~,~,v~ ~,~,v~ aT~'~l -2-' a~'~'v~ ' 2 '  2 • 

3 
--2a[(2b2.~.v~--3)as.~.vylF (bs.~,v,, --~-, a=.~.v,).< 

(20) 

) ( 3 , ,  )]}; 3 1 i~.vi 
)< b2.i.vi , -'~-~--, a2 -- F b2 d.v~ . , 

I 2 - ,s l  2 2 ~ - -  r162 

1 x F  b~.~.v ~ 
I~t 2 - 

�9 " )  = - -  [ C [ ~  ] -~ / [2  (b2.~.vi - -  1) **~.~.v,l -~ x 
2 ,vi , - i  ( 

, , , 0~2,  i , ' p i  -3 I-  
2 [2[ ~-, a2,l,Vl .-- [ 2 2 

+aF b2.i.vi, " ~ ,  [ 2 '  2 '  a2.e,.ei - -  
121 

,21 2 

F~ (x l, x) = l~ - -  qk,v,; 1~ = 

_ _  2 - - 2  T " qk.~i - ~ k . ~ . v i ~  ( ) ,  

1 

)]} 1 3 1 ~2 ,~ ,v i  , 

' 2 ' 2  

Oln~(xt, ~) ; ak.i--= la~ctk.i; 
2 

d In ~, (x) 
F~'vt = dx Dh,v~, 

F(x) = De1) dln~l(~) �9 
2 , ~ I  2 ' ~ i  d T  ' 

�9 
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C( ~)~,~, = A b~.i,v,, ~, z~,w exp(--z~.v,)dY~; 
I- 

Zk,vt-----~(Ztt,l,vtyl,.~,O, k =  1, 2; 

for i = 3 instead of a we set b. 

We hence assume that the properties of the transformations 
hold uniformly in Y2, T and YI, T, respectively. 

The kernels of the transformation (18) are solutions of the equations 

ak O"K~ (Yt, %) Ok (Yi) 

- -  Y~ Oy~ . . , 2,~ 

under homogeneous boundary conditions. 

Under the conditions 
aw; (y,) 
YiPk ~ l )  ' k = 1, 2~ 

we reduce (21) by the substitutions 
| 

K~ (y,, v,) = w~ (~,,, v,) ( 2~k,, ~T ~xp ( -  Zk i); 
%.t / 

to the degenerate hypergeometrlc equations 

( 1 8 ) - ( 1 9 )  postulated below 

(21)  

where 

(22) 

%,1 y~ (23) zk'i -- 2 

zh. t'OzWkoz~. (zk', ~' ?~) + (--~- -- zk' ~) OWkozk.(zk'6i Yi) bk.iWh (zt,.t, Y~)= O, (24) 

Ix 2 A I 
bh, i= 1 k, ,  . 2A, ' % ' ~ = - - ' a ~  ' k = t ,  2; A, ------- ~ (T) ~; (-t), T > 0 .  (25) 

We determine the weight functions 

Pk,i(Yl) = expzkd, k = I, 2; (26) 

h(~) = p , V <  I}~ = V~X, (27) 
from (22) and (25). 

Solving (24) and using (23), we find the normalized kernels of the transformations (18): 

Kk(Yi, %) = Yi[Ck.v,]-iF bk.l.v,, 
k = l ,  2, 

where k = 2 for D2,2 while for D2,x 

(2B) 

(29) 

(30) 

here F(B, 
Jkl 

3 / exp (--  zk,v,), 
T ~ Zk,'~, / 

K2(Yi, "~t)=[  C('I) ]-lAF(b2.1,~t , 3 ) z,v,~ -1~'1 ~ ,  z2,v, exp (--  z~,v,); 

c ,  z) a r e  t h e  d e g e n e r a t e  h y p e r g e o m e t r i c  f u n c t i o n s  

( 31 ) 
Ck.v, = Lk,v, 

n=0 bk, 1 .V, '~ n 

485 



3 1 A S ~  b2,l,v,, , 

. - o  ~ - , . ? . f .  4 .  o,,, . , ,  + ,,  - ~ ' 

' ) 
-- 3 t~t 2 ' 2 ~k,~,V, exp -- r ; 

x F  
121 

0 . .  = U2)  (I)  
,71 ~ ,"~s 

(' ){ LF) (q) = exp - -  ~ ,1 ,v ,  ,,'~. ,,,v, ~ -  a (262, - -  1) X 

b 2 " ' v ' +  2 ' 2 ' -~=2 , , ,v ,  b~., 

- -  q2.v,b2.1.v, I 2 ' 2 

-t- F b2,1 ,?,, , r .V, 
12j 2 2 l 

1 
ak, l =  " ~  

A F (  b2'l' 3 ) 
.121 - ~ l  Z2,1 = 

3 ) 
'u T' a2.1.~t - -  

1 1 ) }  
2 ' 2 ' a2.l.v, ; ( b2. I ,u 

gtt, la2; 

Yi  b2 ' l '  Y '  Z2'l 121 

all{I b,.,~, ~ - ,  o~,1 121F b,.,, 2 ' 2 , o~.~ 

(31) 

(32) 

/.1% 
Hence ,  by r e p l a c i n g  t h e  d e t e r m i n a n t  [~I Inz the "]-th column by S~J~ with the same a r g u -  

m e n t s ,  we obtain AS~J)n(b,,,, 312, z,, x). Here  S,,n(b , c, x) is a partial sum of the degener- 
ate o. x) 

l--I 
The nontrlvial solutions of the Sturm--Liouville problems under consideration are evi- 

dently possible only for values of ~k,t = ~k,*(ak, t) satisfying the equations 

F (bk,,, 3 1 ) 
tkl 2 ' 2 r = 0 ,  k :  1, 2, (33) 

where k = 2 for Ds,a while for Da,, 

AF (b2i ,  3 1 ) 
121 ' 2 ' 2 ~"z,t = 0 -  (34) 

The eigenvalues of these problems form complex spectra which depend on the position and 
rate of displacement of the boundary ST,z, as well as on the inertial properties of the 
ground. 

By using the transformations (18)-(19)wereduce the problem (11)-(17) to the form 

dVk(Ti, ~'s, x) ~_ (Ok.v, + q~.v,)Vk(~'l, ~'s, T)= Ph(v,, ~'s, T), k = 1, 2; 
d'c 

VI (Vi, Vs, O)= By ,~l,a) .,v, ' 

V2(7i, 7s, 0 )=Bv , . v  ,t2'o for o2, i ,  i =  1, 3; 

Pl(?i,  Y3, "O=te[1D' ,v~E' ,v ,Fl (x ,  , "t)--~ ' . , ,F ' .v , ]  ; 

(35) 

(36) 

(37) 

Pz(%. ~3, x)= 

2-~- e~D2.v, E~?v, Fz (x, T) - -  qb2 F (I) for ~ �9 7* 2,71 

t o ' a - -  b D2,v.) 
2(b-- I) r x)--[ ~-~qh .v, + q2.v, + F2.v,] e2~2.v, for @z.2; 
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B(~,~)=t~ D~.v,E~,v,+D~,v, qh,v, + q)~ ,v, qh 

D~,.v . _  = ~ ,, E(|) for i ]i r'~2'?~) r'2 2,7t 
= 

(I---D(~) -- b~(') ) to r  k 2  2,~, =.v.) 1 - -  b ,v, 

,v, Ate; 

for i = 2; 

b, = 1 ~ . 3  . A~ . As = a~'z (x, "0 
2A3 ' ~k.Z = a-~-' 0'~ ; (38)  

~k,s satisfies equations of the form (33) for k = i and for ffa,~ for k = 2 (with a2,, re- 
placed by az,sb 2) and (34) for fie,2 (with a replaced by b). The kernels of the transforma- 
tions (19) are detexnmined by (28) for k - I and for ffa,x for k = 2 (with a2,x replaced by 
a2,,b 2 in C2,y ,) and for fie,2 by means of (29) with a replaced by b; the weight functions 
are determined by means of (26) with y, replaced by Ys, where 

%('0 =-[3z V'x, (39)  

and ~, = V 2 ~ , ;  & = ~ ('0 t.~ ('0, ": > o. 

Therefore, the passage from the plane (x,, xa) to the plane (y,, Ys) generates a param- 
eter Ai connecting the position of the moving boundary to the time during the solution. The 
introduction of these parameters affords a possibility of sampling and normalizing the mini- 
mal system of eigenfunctlons in the continuous spectrum in the domains under consideration 
and, thereby, contributes to the construction of a general solution of the problem. 

Having solved the problem (35)-(37) and having realized the inverse transformations, we 
obtain the solution of the problem (11)-(17) in the form of the rapidly converging series 

- -  "'~ ex x~ (40)  T~(y~, Yv x ) =  A(~, 0 x~ bl '~ 'n  -2- '  4a~: �9 P - -  " V~ ,7, ' ' 
?t= ya=l i~- ,3 17 ~-'~ 

Tz(Y,, Y2' T ) =  A (2'i) F b2.~,.~, , - -  
kyt=l ~a~-~-I i=1,3 "Px,Vs 121 2 ' 4a~z/ X 

xAI~F b2,~,n, -2 ' 4a~z e x p .  4 ~  ' (41)  

where 
1 

A (k'O = (2A~,v~) 2 (B(k,O E(k,t) + C(k,i)); 

(1,1) C~t ,Y~ 

C(2,1) ___ e2 [ 
Vt ,V, 

L q/t ,u 

C(2,2) = e2 
V~ ,V~ A(2) 

Vt, ~, 

+ - -  

te [ l - - 6 J ' v '  D~ E~ D , V , f , t  ] .  
= A(v'l!v------- , 2 .v, . v , - -  , .v, , 

1 - -82 ,v ,  D2 ,. E(- 1~ - - D ~  l ] "  
2b .-, z.v. ,)v, ~ ' v ,  , 

q~.v, + 
I - -~2.v,  

( 1 - - a ) D " )  
2 (b -- 1) 2,v. 

a--bb__l q ~ 2 ' v ' ) 6 " v ' + D 2 ' v ' ] q ) 2 ' v ' }  ; 

~hi  : k ' i 'Y i  " ,  A---- 7 ' A(k)vl.V= : X ~k Y i I = I , 3  ' ; ~ : {~ forf~ / : 3 , i :  ]; 

x > 0 ,  k = l ,  2. 

Using these solutions, we obtain the equation 
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A O~(x t, "r +B, o~(xt, x) =B.~ 
Ox Ox, 

f r o m  condition ( 6 )  on S x, x,  where 

~'=~(x~) = - 

{ ( 3 x; 
~IXI "4(1"1) b l , l , y ,  X 

~,, - ~ ' L  ~"~' ~'~'~,~, b,.,.~,, ~ ,  V ~ ) +  

-t- "-~-~- i l , l l  z.V, 12 / 4 a . f f }  
-~ - ,  exp( )} ;  

(42) 

B(~l~ ,vl = L(')~ ,vi (a2.~.vi); 

1 for k = l ;  

B(l)k.vi = ~Zk'i'Vi Lk,?t V A i . v i  for k = 2; 

1 for x I > O; 

1" l =  - - 1  for x i < O ;  

0 for X l = 0; 

W = ~ , l e t  - -  ~z" 

Therefore, the f~mlly of lines ST,z of the parameter x, which characterizes the posi- 
tlon of the front of the freezing ground, is determined by a nonstatlonary field of direc- 
tions formed by the quantities A, Bi, and Bs on the plane (xl, x3). 

Having solved (42) under the conditions (8), we find 

xz ~ ~ ,." ,.v, v,.v, k4a ix /  
V. =l V~=] n=0 

( / ,,,,,,r - - a m ( l ) O ( 2 ' l )  XI2 ~F bi .3 .v , ,  , , ( 4 3 )  
T2."-v,.v, 4a~ ] ,2,~ - 2  ai'a'v, JJ =.v, =.,, ".v, v,.v, \ 4aft JJ 

where 

Pv, ,v, \ 4akT J (A - -  B~ol ))2 , v i i  I - ~ , V ,  ' 

( 1 ) / 
o<~.,, { "~ / = A, , , -  8<o, ~, (~) ,, ,~,,,  n, T ~'~"'" -- " ~  -v,.v, t 4ak,x / A - -  B~oI) -v,.v, ~t-v,,v, n, 4%x J 

| (b~, i ,v i ) .  

~'o" = o0 ' , -  2. A,.,,, ( ! ~  n! 
~,,=z \ 2 /,, 

'~ ' ) .  = 1 ,,! 
q 

A--] A(2.1)B(O b2.t,v~, - - ,  a~.t,vz ; C~O = ~e~a  " ' i .v~ v,.~,. 2.vi 2 

v,=,  ~,.=.' ) ( I ) atk.Otn q) = RO.OE(k.Ou [n 1 [Ark) - -  1], q + _ v , , v ,  "2- v, .v , "  ' -v , ,v ,  v,,v, \ + ~ v,.v. C(k.O 7 n - -  , q ; 
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T(n, q) is the incomplete gamma function, and $I(~) is determined from (25). 

The expression (43) describes the shape and the motion law for the ST, I boundary for 
Ixll < ~I(T); however, it contains the parameters A i. They connect the magnitude of the dis- 
placement of the boundary Sr,I in the directions of the axes 0x: and 0x2 to the time T. Tak- 
ing this into account and using the solutions (40)-(41), we obtain from condition (6) 

A+Bg ~):0, A+C~ 3 ) = 0 .  (44) 

We determine the values of A i and ~k,i frora the system (43)-(44) and the characteristic 
equations. Values of these parameters which satisfy (43)-(44) can be set up in engineering 
practice by the method of sampling, by using tables of zeroes of the characteristic functions 
as a function of ak,i, as well as by appropriate graphs [7-9]. Using these results, we fi- 
nally set up the shape and motion law for the boundary ST, I from (47), and the nature of the 
temperature distribution in zones I and II from (40)-(41) with (i0) taken into account; and 
the solution of the problem is thereby completed. 

NOTATION 

to and te, temperature of the ground and the heat carrier; %k and ak, heat conductivity 
and thermal diffusivity coefficients; ~, latent heat of crystallization of water; Ww, humid- 
ity of the ground; Yw, water density. 

i. 

2. 

3. 
4. 

5. 
6. 
7. 

8. 
9. 
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